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Abstract
An L(2,1)-labeling of a graph G is an assignment of nonnegative integers to the vertices of G so that adjacent vertices get labels
at least distance two apart and vertices at distance two get distinct labels. A hole is an unused integer within the range of integers
used by the labeling. The lambda number of a graph G, denoted (G), is the minimum span taken over all L(2,1)-labelings of G.
The hole index of a graph G, denoted (G), is the minimum number of holes taken over all L(2,1)-labelings with span exactly (G).
Georges and Mauro [On the structure of graphs with non-surjective L(2,1)-labelings, SIAM J. Discrete Math. 19 (2005) 208–223]
conjectured that if G is an r-regular graph and (G)1, then (G) must divide r. We show that this conjecture does not hold by
providing an inﬁnite number of r-regular graphs G such that (G) and r are relatively prime integers.
© 2007 Elsevier B.V. All rights reserved.
MSC: 05C15; 05C78
Keywords: L(2,1)-labeling; L(2,1)-coloring; Hole index; Regular graph
1. Introduction
An L(2, 1)-labeling of a graph G, ﬁrst studied by Griggs andYeh [7], is a function f from the vertex set of G to the set
of nonnegative integers such that |f (x)−f (y)|2 if d(x, y)= 1, and |f (x)−f (y)|1 if d(x, y)= 2, where d(x, y)
denotes the distance between the pair of vertices x, y. Currently, more than 130 papers focusing on the L(2,1)-labeling
and its generalizations are compiled in two recent surveys [1,9].
An L(2,1)-labeling of a graph G that uses labels in the set {0, 1, . . . , k} (not necessarily all of them) is called a
k-labeling. The minimum k so that G has a k-labeling is called the -number of G and is denoted by (G). A k-labeling
is said to have a hole h with 0<h<k, if the label h is not used. The minimum number of holes over all (G)-labelings
of a graphG is called hole index ofG and is denoted by (G). Several recent papers [2–6] studied (G) and investigated
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its connections with (G) and (G), providing several results and proposing many open problems. In particular,
Georges and Mauro [4] showed that (G)(G) and proposed the following conjecture:
Conjecture 1. If G is r-regular and (G)1 then (G) divides r.
This conjecture was also recently mentioned by Král et al. [8].
In the sequel, we show that Conjecture 1 does not hold by presenting an inﬁnite number of r-regular graphs G so
that (G) and r are relatively prime integers.
2. Counterexamples
We recall the following results shown by Georges et al. [4,6] relating the invariants (G) and (G) to c(Gc), where
c(Gc) denotes the path covering number of the complement Gc of G, that is, the minimum number of vertex disjoint
paths of Gc that are necessary to cover all its vertices.
Theorem 2 (Georges et al. [6]). Let G be a graph on n vertices and let p be an integer such that p2. Then
(G) = n + p − 2 if and only if c(Gc) = p.
Theorem 3 (Georges and Mauro [4]). Let G be a graph on n vertices and (G)n − 1. Then (G) = c(Gc) − 1.
If two graphs G1 and G2 are disjoint, the sum G1 + G2 is deﬁned as the graph with vertex and edge sets given,
respectively, by the union of the vertex and edge sets of G1 and G2. Using this deﬁnition of graph sum, we obtain the
following straightforward corollary of Theorems 2 and 3.
Corollary 4. Let G be a graph with n vertices so that Gc =H1 +H2 + · · · +Hk+1 where k1 and where each graph
Hi contains a Hamiltonian path for i = 1, 2, . . . , k + 1. Then:
(a) (G) = n + k − 1; and
(b) (G) = k.
Proof. The structure of Gc directly implies c(Gc)= k + 12. Then, by Theorem 2, we have (G)= n+ (k + 1)− 2,
and item (a) follows. Similarly, item (b) follows directly from item (a) and Theorem 3. 
We next use Corollary 4 to show that Conjecture 1 does not hold.
Theorem 5. For each k2, there exists an r-regular graph G with (G) = k so that (G) and r are relatively prime
integers.
Proof. LetG be a graph with n vertices so thatGc=H1+H2+· · ·+Hk+1 where k2,Hk+1 is a cycle on four vertices,
and Hi is a cycle on three vertices for i = 1, 2, . . . , k. So G has n = 3k + 4 vertices and is (3k + 1)-regular since for
every vertex v of G, the degG(v)= (n−1)−degGc(v)= (n−1)−2. Corollary 4 implies that (G)=n+k−1=4k+3
and (G) = k. Note that since k2, (G) = k and 3k + 1 are relatively prime integers. 
Fig. 1 illustrates the proof of Theorem 5 for the case with r = 7 and (G) = 2. Speciﬁcally, Fig. 1 provides an
11-labeling with (G) = 2 holes of a 7-regular graph G on 10 vertices, along with its complement Gc, which is the
sum of two cycles on three vertices and one cycle on four vertices.
We close this short Communication by noting that in Theorem 5, graphs other than cycles could have been selected
as Hi for i = 1, 2, . . . , k + 1 as long as (1) each Hi contains a Hamiltonian path for i = 1, 2, . . . , k + 1; (2) G is
r-regular for some r; and (3) k does not divide r. To illustrate, consider the graph G with Gc = H1 + H2 + H3, where
H3 is obtained from the complete graph K6 by removing the edges in a perfect matching and Hi is the complete graph
K5 for i = 1, 2. In this case, G is 11-regular with (G) = 2 holes.
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Fig. 1. 7-regular graph G with (G) = 2 holes and its complement Gc .
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